We calculate the quasi-uniform gravitational field of a disk in the weak-field approximation and demonstrate an inappropriateness of preceding results. The Riemann tensor of this field is determined. The nonexistence of the uniform gravitational field is proven without the use of the weak-field approximation. The previously found difference between equations of motion for the momentum and spin in the accelerated frame and in the quasi-uniform gravitational field also takes place for the disk. However, it does not violate the Einstein equivalence principle because of the nonexistence of the uniform gravitational field.
I. INTRODUCTION
The problem of a uniform gravitational field is rather important. This field has been used by Einstein [1] [2] [3] for the formulation of the equivalence principle. In addition, the uniform field is the simplest example of a gravitational field. Therefore, a detailed analysis of the problem of the uniform gravitational field is necessary for a right understanding of fundamentals of general relativity (GR).
In the present work, we give a review of previous studies of this problem. Contrary to most of these studies, we affirm and prove that the uniform gravitational field does not exist. We rigorously derive the metric of a quasi-uniform gravitational field of a disk in the weak-field approximation and show its substantial difference from formerly proposed metrics of the uniform gravitational field. The results obtained confirm the conclusion previously made in Ref. [4] that criticisms based on different dynamics of a four-momentum and a spin of a test particle in a uniformly accelerated frame and in the Schwarzschild spacetime [5] [6] [7] [8] [9] [10] [11] [12] do not violate the Einstein equivalence principle (EEP). We discuss the issues related to the EEP.
The paper is organized as follows. The review of previous results on a uniform/quasiuniform gravitational field is presented in Sec. II. In Sec. III, we calculate the quasi-uniform gravitational field of a disk in the weak-field approximation. The Riemann tensor of this field is determined in Sec. IV. A nonexistence of the uniform gravitational field is proven in Sec. V. The results obtained are discussed and summarized in Sec. VII.
We denote world and spatial indices by Greek and Latin letters α, µ, ν, . . . We suppose that the coordinates x µ are always components of a contravariant vector. We use the system of units with = 1, c = 1. These constants are explicitly displayed in some formulas when their introduction clarifies a description of physical phenomena.
II. REVIEW OF PREVIOUS RESULTS
The metric of the uniform/quasi-uniform gravitational field is an important problem of GR. Probably, the first attempt to determine this metric has been made by Kottler [13] .
This attempt was based on the assumption of the full similarity between the metrics of the uniform gravitational field and the uniformly accelerated frame (the Rindler metric). The former metric has been obtained from the latter one
, −1, −1, −1
by the replacement a → −g. The same assumption has been made by Møller [14] . Thus, the Kottler-Møller metric has the form
, −1, −1, −1 .
An inertial force acting on an observer in the uniformly accelerated frame is antiparallel to the frame acceleration. This explains the different signs in Eqs. (1) and (2) .
However, this result was not generally accepted to be satisfactory. Trivial spatial components in the metric (2) cannot be explained on the basis of the Schwarzschild metric. Next investigations have resulted in the Kottler-Whittaker metric [15, 16] which is given by
, −1, −1 .
The same result has been obtained by Rohrlich [17] among admissible metrics. The metric (3) has been rediscovered by Krige [18] .
The both metrics, (2) and (3), were much discussed (see Refs. [17, [19] [20] [21] and references therein). We can also mention the important property proven in Refs. [17, 22] . A metric of the form
is flat only if
where g = 0 is an integration constant. We obtain the Kottler-Møller metric when λ(x) = 1 + gx (g = g) and the Kottler-Whittaker one when λ(x) = 1 + gx (g = g/2).
As a result, the metrics (2) and (3) describe flat spaces. However, this property of the Kottler-Møller and Kottler-Whittaker metrics is controversial because any gravitational sources create curved spacetimes.
We should also mention the domain wall metric first given by Taub [23, 24] and considered also by Vilenkin [25] and other authors:
where K = const. General properties of static plane-symmetric spacetimes have been investigated in Refs. [19, 20, [26] [27] [28] [29] . It should be noted that the solution (5) describes a vacuum domain wall and there is a singularity at |z| = −1/K, K < 0.
We mention a strong impact of Refs. [23] [24] [25] on the contemporary cosmology. However, such papers do not directly relate to the problem under consideration. As a rule, the presented analysis is restricted to uniform plane-symmetric field configurations which metrics depend on the one spatial coordinate only [23] [24] [25] [26] . A careful analysis of the problem needs, taking into account a dependence of the metric on three spatial coordinates (see Secs. III,IV).
Besides the Taub static solution, Davis and Ray have considered the vacuum homogeneous time-dependent plane symmetric solution [33] which relates to the special case of the Kazner metric. It has been shown that there is no natural way to join a static and nonstatic solutions at the metric singularity as it is done for the Schwarzschild solution inside and outside the horizon.
The important general analysis of canonical forms for axial symmetric spacetimes has been carried out in Refs. [30] [31] [32] . However, this analysis does not give information about the special form of the metric tensor in the case under consideration.
The conception of the uniform gravitational field has been used in Einstein's formulation of the equivalence principle [1] . The validity of the EEP has been discussed many times. The situation is more controversial in the relativistic domain. It is pointed out in most books that the EEP is applicable only locally [34] [35] [36] [37] [38] [39] , but some authors disclaim its validity even locally [5] [6] [7] . There is not a full agreement between research articles as well. It has been claimed, in particular, in Refs. [8, 9] that the uniformly accelerated frame and a frame at rest in the uniform gravitational field are nonequivalent. A difference between a deflection of light in an accelerated frame and a gravitational field has been found in Ref. [10] . In Ref.
[17], the EEP has been supported with serious disclaimers 1 . Some other works [20, 40, 41] advocate the EEP. Many works relate only to the weak equivalence principle (see, e.g., Ref.
[42]). Main criticisms of the EEP have been collected and have been considered in Ref. [40] . 1 The two basic assertions, (A) and (B), regarded in Ref. [17] as "the principle of equivalence" are obviously right.
The problem of the uniform gravitational field and EEP can be treated in a wider context.
For instance, it has been shown in Ref. [21] (where non-inertial effects have been induced by torsion in terms of teleparallelism) how the uniform gravitational field can be constructed from spaces with a vanishing curvature.
Nowadays, the validity of the equivalence principle for spin effects has been much discussed. It has been claimed in Refs. [11, 12] that the EEP is violated due to a difference between the angular velocities of the spin precession in the uniformly accelerated frame and in the Schwarzschild metric. In the nonrelativistic limit (v ≪ c), the corresponding quantities are equal to [12, 43 ]
where v is the velocity of the spinning particle. It has been claimed in Refs. [11, 12] that the EEP is violated owing to the threefold difference between the two angular velocities on condition 2 that a = −g. In Ref. [44] , relativistic formulas for Ω (a) and Ω (i) have been obtained. Relativistic equations of the particle motion in the uniformly accelerated frame and in the Schwarzschild metric in the isotropic coordinates which have also been derived in Ref. [44] differ as well. We can mention the full agreement between the classical and quantum-mechanical results [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] .
Thus, the equations of motion for the four-velocity (four-momentum) and for the spin obtained in the weak-field approximation in the uniformly accelerated frame and in the Schwarzschild field really differs. Nevertheless, it has been certified in Ref. [4] that their differences do not violate the EEP. In Einstein's papers [1] , the equivalence principle has been formulated only relative to constant uniform gravitational fields. The Schwarzschild field (as well as other real gravitational fields) is nonuniform. The spatial inhomogeneity significantly influences the form of the equations of motion. The terms different for the Schwarzschild field and the uniformly accelerated frame (g = −a) are of the same order of magnitude as the corresponding terms different for the Schwarzschild field in the Cartesian and isotropic coordinates [4] . Therefore, the difference between the equations of motion in the Schwarzschild field and the uniformly accelerated frame does not violate the EEP. This problem will be considered in detail in Sec. VI.
2 Equation (6) follows from the results obtained in Ref. [11] after correcting a computational error, see Ref.
[43].
III. UNIFORM AND QUASI-UNIFORM FIELDS: ELECTRODYNAMICS VER-SUS GRAVITY
The metrics of the uniform gravitational field presented in Refs. [13] [14] [15] [16] [17] [18] [19] [20] are not obtained as a result of rigorous derivations of a metric defined by a known distribution of gravitational sources. To fulfil such a derivation, it is instructive to compare uniform and quasi-uniform fields in electrodynamics and gravity.
A. Fields of a charged disk and a charged infinite plane
A uniform electric field can be created by electric charges distributed over an infinite
plane. An electric field of a charged disk with the radius R is quasi-uniform near its surface z ≪ R. We suppose the surface charge density σ to be constant. We apply the cylindrical coordinates ρ, ϕ, z and the approach based on a summation of fields of separate charges.
A similar approach based on the weak-field approximation can be used in gravity. In both electrodynamics and gravity, one needs to calculate dynamics of a test particle in external fields. The Hamiltonian of the test particle with the charge e in an electrostatic field is given by
where p = mγv is the particle momentum, γ is the Lorentz factor, and Φ is the scalar potential. The equation of motion reads dp dt
where E = −∇Φ is the electric field strength. The similar equation defines the particle acceleration w:
Equations (8) and (9) describing dynamics of the charged test particle contain derivatives of the scalar potential and do not contain this potential. The quantity Φ = i Φ (i) is equal to the sum of Coulomb potentials defined by the charges q (i) on the plane. These potentials are given by
When x = y = 0, this potential depends on the only variable z and the z component of the field strength reads
We can express the charge of a small area in the form dq = σρ dρ dϕ. For the charged disk, the integration over these coordinates leads to the well-known relations
where sign(z) is the signum function.
For the infinite plane,
If the potential energy of a free charged particle (being beyond any fields) is arranged to be zero, Φ 0 is infinite. In electrodynamics, this problem can be solved with a redefinition of the potential energy. In particular, it can be supposed to be equal to zero at z = 0. However, the similar problem in gravity is much more difficult.
B. Field of a gravitating disk
The problem of a gravitational field of a uniform disk in GR is not so straightforward as in the Newtonian gravity. Recall that the general form of an axially symmetric static solution of the vacuum Einstein equation has a Weyl form (see, for instance, Ref. [5] ):
where {t, ρ, z, ϕ} are so-called canonical (quasicylindrical) coordinates and ψ and σ are functions of ρ, z only. For this metric, vacuum field equations reduce to the Laplace equation for ψ:
and
Equations (14)- (16) seem to be simple. The problem is, however, to establish a connection between the source of the field and the canonical potential ψ [54] [55] [56] . For instance, the Schwarzschild solution in the form (14) has the potential ψ corresponding (in canonical coordinates) to the Newtonian potential of a finite rod with the length equal to the gravitational radius of the central body [57] .
In this picture, a uniform disk represents some singular solution which representation needs an infinite number of terms. Thus, it is more convenient to consider non-uniform disk configuration [58] [59] [60] [61] [62] .
To avoid these problems, we restrict ourselves to the consideration of the GR weak-field approximation, where some similarity with electrodynamics appears.
In this approximation, the metric tensor takes the form
Since |h µν | ≪ 1, the Einstein equations become linear and the fields h
µν satisfy the principle of superposition (see Ref. [63] ).
The Hamiltonian of a test particle is given by [64] 
The equations of motion in GR read dp
and du
where
are the Christoffel symbols. Equations (18), (20) , and (21) show that the particle motion is defined by the derivatives of the metric tensor and is contributed by all components of this tensor.
To calculate the metric tensor, we need to use the known equation for the metric of a weak Schwarzschild source in the Cartesian coordinates (x, y, z) numerated as (1, 2, 3):
where M (k) is the mass of the k-th source and φ (k) is its Newtonian potential in c 2 units.
Evidently, h
00 . We consider the static metric and the gravitational field on the axis of the disk (x = y = 0). In this case, g µν,0 = 0, but first and second derivatives of the metric tensor with respect to spatial coordinates can be nonzero. The mass of a small area can be expressed in the form dM = µρ dρ dϕ, where µ is the surface mass density which is supposed to be constant.
Next derivations are similar to those in electrodynamics. In particular, g 00 is equal to [cf.
Eq. (12)]
The other nonzero metric components are g 11 , g 22 , and g 33 . They are defined by
The spatial components g ij = 0 when i = j and x = y = 0. It can be checked that
Evidently, h 11 = h 22 due to the cylindrical symmetry of the disk. But it is easy to show that the number of the independent metric components is even smaller:
Thus, g µν contains only two linear independent functions of z. Since we consider the metric near the symmetry axis, the tensor g µν does not explicitly depend on horizontal coordinates.
However, derivatives of the metric tensor with respect to the horizontal coordinates should be taken into account.
Note that there are other types of the canonical form of axial gravitational fields [31] , which relate to the Weyl form. A difference between them is mostly a matter of definition.
Here we emphasize some other properties of the metric (24), (25) . First, it obviously retains plane symmetry and recovers the Schwarzschild metric in the far-distance limit.
This limit contains total mass of the disk M = µ πR 2 .
Second, the gravitational potential φ from Eq. (24) coincides with that for a uniform disk in the exact Newtonian solution [65] at ρ = 0.
Since the weak-field approximation is used, g 00 = 1 − 2φ,
, and g µν = 0 when µ = ν. To specify the general equations of motion (18) and (20), we need to calculate the derivatives of the metric tensor components:
In order to obtain other derivatives with respect to the spatial coordinates, one needs to take a step back and to find the respective derivatives from (23) . After this, one needs to integrate again on the whole disk like in Eqs. (24), (25) . For instance,
It is easy to show that remaining nonvanishing derivatives read
The metric derivatives have only two linearly independent components. For instance, in terms of g 00, 3 and g 31,1 one obtains the following relations:
Obviously, this is the direct consequence of the metric symmetry (see Eq. (26)). It is well-known that the particle motion is defined by the Christoffel symbols proportional to first derivatives of the metric tensor. Therefore, a dependence of the metric tensor on the horizontal coordinates significantly influences the particle motion.
As it is expected for plane symmetry of the disk, all the metric components (24) and (25) are even and all the metric derivatives (27) and (29) are odd with respect to z.
The Newtonian acceleration is equal to
The Christoffel symbols which are nonzero on the symmetry axis of the disk are given by
To check how the solution (24), (25) obeys the junction condition for singular hypersurfaces [66] , let us consider the surface energy-momentum 3 ×3-tensor S ik induced on the disk.
Recall that S ik is expressed via the extrinsic curvature K ik as follows [35] :
where κ = 8πG/c 4 ,h ik = g ik − ǫ n i n k is a projection of the metric to the surface, ǫ = −1 for the spacelike unit normal to the disk surface, n µ . The value in the square brackets designates its jump across the disk:
In the current setup, z direction is orthogonal to the disk surface. Thus, coordinate system is normal Gaussian and we get (see Refs. [35, 67] )
where Eqs. (32) and vanishing of derivatives of the nondiagonal metric component at z → 0 are taken into account [see Eq. (29)]. With the use of Eqs. (27), we can check that
for r.h.s. of Eq. (33) in the leading order on G/c 2 . From the point of view of the equation of state (EoS), we deal, as expected, with a pressureless dense dust with the surface density S 00 /c 2 = µ > 0. Thus, the metric (24), (25) satisfies the junction condition of geometrical embeddings.
Additional circumstance following from Eq. (35) is that energy-momentum tensor of our disk has usual time-like structure, which differs from the solutions based on the Taub and Kazner metrics [23, 24, 26] , where the source is thin null pressureless fluid shocks [32] .
It is easy to introduce the cylindrical coordinates ρ, ϕ, z, because
We can note that the metric of the static disk in the weak-field approximation defined by Eqs. (24), (25) , and (36) differs from the metric (14) which is generally used for a description of axially symmetric spacetimes (see Refs. [5, [58] [59] [60] and references therein).
The quasicylindrical coordinates applied in Eq. (14) substantially differ from the genuine cylindrical coordinates. Nevertheless, it is possible to obtain a solution for a weak disk field in all space in canonical quasicylindrical coordinates and relate it to the solution (24), (25) .
This problem is discussed in the Appendix.
C. Field near a disk surface
To compare our formulas rigorously derived in the weak-field approximation with the results obtained in Refs. [13] [14] [15] [16] [17] [18] [19] [20] for an infinite gravitating plane, we need to consider the field near a disk surface (|z| ≪ R). In this case, the metric components and their first derivatives are given by
Evidently, neither the metric tensor nor its first derivatives agree with the previous investigations [13] [14] [15] [16] [17] [18] [19] [20] [21] where the metric of a uniform gravitational field was searched. The discrepancy takes place even in the limit of R → ∞. To solve some problems related to the EEP, we need also to calculate the Riemann tensor.
IV. RIEMANN TENSOR
Since the field uniformity is approximate but is not exact, the spacetime is not flat. It is important to determine the Riemannian curvature. In the weak-field approximation, the definition of the Riemann tensor reduces to
It can be shown that in this approximation
Equations (22), (39) , and (40) allow us to obtain some nonzero components of the Riemann tensor:
To calculate all nonzero components, we need to determine derivatives with respect to x, y.
The derivations are straightforward. In particular, it follows from Eqs. (17), (23) that the other derivatives of g 00 are given by
At the point x = y = 0, the integration results in
In the case under consideration,
Other nonzero derivatives of g µν calculated in the same way are equal to
These results allow us to calculate the other nonzero components of the Riemann tensor which are given by
It is instructive to mention that πµR 2 = M where M is the mass of the disk. Certainly, the Ricci tensor and the Ricci scalar curvature are equal to zero:
Thus, the metric (24), (25) belongs to vacuum solutions of the Einstein equations. We underline an important contribution of the horizontal coordinates to the Riemann tensor.
Taking into account this contribution substantially differs our approach from Refs. [23] [24] [25] [26] where the metrics depending on only one variable have been considered. We should mention that our approach based on the weak-field approximation cannot be applied on the plane z = 0. On this plane, the surface energy-momentum tensor S ik should be used.
It is instructive to use the Riemann tensor for a calculation of second-order scalar invariants (on the disk axis). For the Kretschmann scalar, we get
Comparing with the Schwarzschild solution,
obviously reveals the absence of the singularity at z = 0. One more example for a comparison is the Taub solution (5), for which we obtain
Notice the singularity at |z| = −1/K, K < 0. As mentioned in Sec. II, it does not belong to the coordinate singularity only. Another invariant is the Chern-Pontryagin scalar and for the case of the disk we get
where ⋆ R µνλτ is the left dual of the Riemann tensor.
Invariants (48) - (51) preserve their structure up to coordinate transformation. Thus, it is possible to show that the disk field metric (24), (25) An analysis of Eqs. (41), (44), and (46) shows that the Riemann curvature describing effects of the field inhomogeneity does not vanish near the disk surface, when z → 0. The components of the Riemann tensor are of the order of GM/(c 2 R 3 ). We underline that the field inhomogeneity takes place even relative to the x and y directions. It vanishes only if the disk radius tends to infinity (R → ∞). It will be proven in the next section that this situation is impossible.
It is instructive to compare the Riemann curvatures for the disk and the Schwarzschild source. For this purpose, it is convenient to use the standard definition of the gravitational radius
For the disk,
Thus, the order of magnitude of the nonzero components of the Riemann tensor is r g /R 3 .
For the Schwarzschild source, the Riemann tensor components are of the order of r g /r 3 , where r is the distance from the source. We can note a substantial difference between the two cases. The Riemann curvature decreases when R (for the disk) and r (for the Schwarzschild source) increase. In this case, the Newtonian acceleration remains almost unchanged for the disk and decreases for the Schwarzschild source. This comparison shows that the gravitational fields of the disk and the Schwarzschild source belong to different kinds of the spatial inhomogeneity.
V. PROBLEM OF EXISTENCE OF A UNIFORM GRAVITATIONAL FIELD
It has been tacitly assumed in precedent investigations [13] [14] [15] [16] [17] [18] [19] [20] that the infinite gravitating plane can in principle exist. However, an attentive look at the problem brings the opposite conclusion.
The EEP compares inertial and gravitational phenomena when g is fixed and is equal to −a. As follows from Eq. (31), in this case |g| = 2πGµ near the disk surface. Thus, µ is to be fixed. Equation (53) shows that the ratio r g /R is proportional to R. Even for the arbitrarily small surface mass density µ, one can find so large disk radius R that r g /R >> 1. When r > r g , a field of a gravitating disk is equivalent to that of a pointlike Schwarzschild source. The physical space created by this source possesses the horizon at r = r g . Therefore, all points near the disk surface are under the horizon. Since the physical space near the disk is under the horizon even for finite (while very large) R, it is senseless to consider the infinite gravitating plane. This is a nonexistent object. Importantly, its nonexistence has been proven without the use of the weak-field approximation. As a result, all precedent investigations of the infinite gravitating plane [13] [14] [15] [16] [17] [18] [19] [20] have led to misleading results.
It is appropriate to note that, according to Eqs. (24) and (25), the considered approximation ceases to be valid at
At the same time, as follows from Eq. (53), this is exactly the condition for the disk to getting collapsed because R = r g . Thus, a criterion for the applicability of our approximation coincides with the condition of a gravitational stability of the disk.
For example, to estimate the discussed scales, the limiting radius of the disk is R ∼ 1 light year for surface density µ = 10 9 g/cm 2 and µ = 10 3 g/cm 2 for R ∼ 10 6 light years.
The problem of nonexistence of the infinite plane can be treated more rigorously if we consider a plane with the energy density ̺, pressure p, and look at the plane as an 2-brane embedded in the three-dimensional space [68] . The energy-momentum tensor for the brane then takes a form:
The most general metrics corresponding to the considered geometry is [68] 
The Einstein field equations with the metrics (57) and the energy-momentum tensor (55) lead to a single possible solution with exotic quintessence-like EoS [68, 69] :
We need to emphasize that this is the only static solution and all other solutions lead to unstable branes, which was proven by Vilenkin [25] for the particular case of the vacuum EoS p = −̺. Dolgov and Khriplovich [70] have come to this conclusion after the consideration of general properties of the field equation for the metric (57).
Therefore, stabilization of the brane with a realistic EoS can be achieved only through additional matter sources in the bulk, i.e. by the addition of the cosmological constant Λ into Eq. (55), as noted in Ref. [19] (where the metrics with n(z) = a(z) has been considered).
The same problem arises in the brane-world models which consider embedding of the 4-dimensional Universe in the 5-dimensional anti-de Sitter bulk [71, 72] . In order to get a Poincare-invariant solution in these models, one needs to provide the brane with the tension σ and set the cosmological constant Λ in the 5-dimensional bulk, related to each other by some sort of fine tuning [73] :
Here G 5 is the 5-dimensional gravitational constant.
Evidently, the arguments for the nonexistence of the infinite plane have a sufficiently general character and do not depend of any order of approximation. Remarkably, an attempt to overcome the limitation (58) leads to vanishing the curvature [29] . In this case, the spacetime outside the plane is the Rindler spacetime [29] .
Thus, we should conclude that a gravitational field cannot be uniform. In all probability, the quasi-uniform gravitational field near the disk surface is the best approximation of the uniform one. Nevertheless, the field inhomogeneity cannot be vanished and the uniform gravitational field cannot be obtained with any real gravitational sources. This means that the noncoincidence of spin dynamics in an accelerated frame and a quasi-uniform (but nevertheless nonuniform) gravitational field certified in Refs. [11, 12] and confirmed in Refs. [4, 43] does not violate the EEP [1] formulated for the uniform gravitational field.
VI. PARTICLE MOTION AND SPIN DYNAMICS IN THE ACCELERATED FRAME AND IN GRAVITATIONAL FIELDS OF SEVERAL SOURCES
The nonexistence of the uniform gravitational field does not diminish the importance of the derivation of equations of particle motion and spin dynamics in static gravitational fields and the comparison of these equations with corresponding ones for the accelerated frame.
One can use the well-known general equations of particle motion (20) and (21). Evidently, the equations of particle motion in the accelerated frame and in any static gravitational field must differ. Their equivalence could take place only in the case of the coincidence of all components of the metric tensor. Otherwise, spatial components of the metric tensor vary for different gravitational fields even if the Newtonian limit of these fields is the same.
Therefore, corresponding equations of particle motion do not coincide either.
It has been demonstrated in Ref. [4] that the difference takes place even for the Schwarzschild field in the Cartesian and isotropic coordinates. In the weak-field approximation, the metric tensors of the Schwarzschild field can be given by [63] g (C)
in the Cartesian and isotropic coordinates, respectively. Here r g = 2GM/c 2 is the gravitational radius. The equations of the particle motion in the Cartesian coordinates read
We do not make a difference between the upper and lower indices for the Newtonian acceleration g.
The corresponding equations in the isotropic coordinates have the form [4] 
These equations can be compared with the related equations for the uniformly accelerated frame,
The comparison of Eqs. (62) - (67) The consideration of the quasi-uniform gravitational field of the disk confirms this conclusion. In this case, the equations of motion take the form
where the derivatives of the metric tensor components are given by Eq. (27) .
In the case of z = 0, these equations reduce to
where g ± = ±2πGµ correspond to limits in Eq. (31) at z → ±0.
We should not confuse β i = u i /u 0 and the square of β.
In the case under consideration, the Newtonian acceleration defined by Eq. (31) has two values describing the acceleration on each side of the disk at z = 0:
We can conclude that the particle motion in the quasi-uniform gravitational field of the disk and in the cases listed above substantially differs. In particular, the horizontal forces, m du 1 ds and m du 2 ds , acting on the particle in the gravitational field of the disk are absent in the accelerated frame at a = −g and in the Schwarzschild field in the Cartesian coordinates.
In the Schwarzschild field in the isotropic coordinates, the horizontal forces are the same as in the field of the disk at z = 0 but the equations for du 3 /(ds) and du 3 /(ds) substantially differ.
Let us also consider the spin motion. It can be properly described with the use of the gravitoelectromagnetic fields first introduced by Pomeransky and Khriplovich [74] (see Ref.
[4] and references therein). In the general form, the angular velocity of the spin rotation is
where ζ is the spin (pseudo)vector, τ is the proper time and E and B are the gravitoelectric and gravitomagnetic fields. In the weak-field approximation, these fields are defined by [4, 45] 
For the Schwarzschild field in the isotropic coordinates, the gravitoelectric and gravitomagnetic fields are equal to [4] 
where g is the Newtonian acceleration. For the Schwarzschild field in the Cartesian coordinates, the gravitoelectromagnetic fields are the same [4] . Thus, the equations of the spin motion in the Schwarzschild field have the same form in the Cartesian and isotropic coordinates.
In the same approximation, the gravitoelectromagnetic fields in the uniformly accelerated frame are given by
Equations (75) and (76) show the significant difference between the gravitoelectromagnetic fields in the uniformly accelerated frame and in the Schwarzschild spacetime. The gravitomagnetic field in the Schwarzschild spacetime, contrary to the uniformly accelerated frame, is nonzero.
The calculation of the gravitoelectromagnetic fields for the quasi-uniform gravitational field of the disk brings the following result:
where the metrics symmetry (29) and (30) is used.
Amazingly, in the case of z = 0 we obtain the equation similar to Eq. (75)
Here g is defined by Eq. (72) . The dependence of the gravitoelectromagnetic fields on the z-reflection, E → −E and B → −B when z → −z, is taken into account.
Now we can relate the gravitomagnetic field B from (78) with the second order scalars (48) and (51) . Since K 1 > 0 and K 2 = 0, we can note the existence of an observer for which the gravitomagnetic field disappears [75] . We see that it is indeed the case for the coaxial moving, when g u.
Thus, the gravitoelectromagnetic fields in the Schwarzschild spacetime in the Cartesian and isotropic coordinates and in the quasi-uniform gravitational field of the disk are given by the same expressions in terms of the Newtonian acceleration. As a contrary, the gravitoelectromagnetic fields in the accelerated frame are different (the gravitomagnetic field is equal to zero).
VII. DISCUSSION AND SUMMARY
The metrics (2) and (3) obtained in Refs. [13] [14] [15] [16] [17] [18] are inappropriate for a description of a uniform gravitational field because they describe flat spacetimes and do not reproduce the correct weak-field approximation defined by Eqs. (24), (25) . The careful analysis of this problem fulfilled in our work needs taking into account a dependence on three spatial
coordinates [see, e.g., Eqs. (23) and (28)], while the metrics considered in Refs. [23] [24] [25] [26] depend only on one variable.
There is no problem of gravitation singularity in the weak-field approximation, because the criterion of its applicability coincides with the condition of a gravitation collapse of the disk.
The Kottler-Whittaker metric (3) can be considered as a limiting case of the Schwarzschild spacetime [76] . However, the real metric of a large disk differs from the metrics (2) and (3).
In particular, all four diagonal components of the metric (37) are nontrivial. A unbounded increase of the disk radius brings the metric components g 00 , g 11 , and g 22 to the infinity.
The derivatives of the metric components defined by Eq. (27) also disagree with previously obtained results [13] [14] [15] [16] [17] [18] . As opposed to our results, only the derivatives of two diagonal components of the metric (3) are nontrivial and the related derivatives of spatial components do not coincide (they have different signs). Just the derivatives of the metrics define equations of motion.
There were a lot of attempts to associate the Taub solution (5) with different kinds of realistic field sources. However, the Taub solution belongs to the general form of the planesymmetric solution (57) , and the corresponding stable plane can be only exotic with the quintessence-like EoS (58): p = −ρ/4. Moreover, the weak-field limit of the Taub metric can be generated by a plane with the same EoS, as shown by Vilenkin [25] . At the same time, the Taub solution is singular. These circumstances prevent to construct physically acceptable plane as the source of the Taub metric. On the other hand, one can consider a plane with a positive mass and a positive pressure. However, it is still unclear (due to curvature vanishing [29] ) how to combine a static character of the solution and to avoid the gravitational collapse of the infinite plate. The only possibility to partially exploit the Taub metric in the context of realistic sources is the use of an extended solution with the general metric (57) for slice with a nonzero thickness. Resulting solutions lead to interesting configurations with two kinds of boundary conditions. They are associated with the Rindler metric and the Taub one, respectively [77] [78] [79] [80] [81] [82] [83] . A geometry of these configurations consists in the flat space with the Rindler metric from one side of the slice and with the Taub metric from another side. An unexpected peculiarity of the solutions is loosing of mirror symmetry [77, 78] . A slice with a matter is inside a singular surface. Contrary to this, the solution (24) , (25) is regular, naturally preserves mirror symmetry, satisfies all the energy conditions and opens a way to find a full general-relativistic solution for the disk, at least, numerically (see Appendix). We can note that the disk field and the field with the Taub metric are qualitatively different as follows from the second-order invariants.
We can certify that the spacetime attributed to the large disk is essentially curved. At some time, an increase of the disk radius leaves all the disk under the horizon. Therefore, the disk radius is limited. As a result, the Riemann tensor and the field inhomogeneity cannot be vanished. The Ricci tensor is zero. The existence of a horizon at a large disk radius is the main disagreement with the previous results [13] [14] [15] [16] [17] [18] [19] [20] . Even for the arbitrarily small surface mass density, one can find so large disk radius R that r g /R >> 1. In this case, the field of the gravitating disk is equivalent to that of a pointlike Schwarzschild source and all points near the disk surface are under the horizon. Therefore, the infinite gravitating plane is a nonexistent object. Importantly, the nonexistence of the uniform gravitational field has been proven without the use of the weak-field approximation. The same result follows from the brane-world point of view, where the infinite plane is embedded in 3D space.
This conclusion is very important for the correct analysis of the EEP. Sec. VI presents a comparison of the equations of particle motion in the three important quasi-uniform gravitational fields and in the uniformly accelerated frame. We have considered the Schwarzschild field in the Cartesian and isotropic coordinates and the field of the gravitating disk. The equations of particle motion in all four cases do not coincide with each other while the Newtonian limit in these cases is the same. Therefore, the spatial inhomogeneity significantly influences the form of the equations of motion. Since the EEP has been formulated only relative to a constant uniform gravitational field [1] , it is not violated by the results presented. Thus, the consideration of the quasi-uniform gravitational field of the disk confirms the conclusion first made in Ref. [4] .
It is also important that the gravitoelectromagnetic fields in the Schwarzschild spacetime in the Cartesian and isotropic coordinates and in the quasi-uniform gravitational field of the disk are defined by the same expressions in terms of the Newtonian acceleration. Therefore, the corresponding equations of the spin motion coincide. The equation of the spin motion in the accelerated frame significantly differs because the gravitomagnetic field is equal to zero.
We should underline that the results obtained in the present paper cover only the weakfield approximation while the general case needs a separate analysis. Summarizing these results, we can note that the investigation of the quasi-uniform gravitational field of the disk is rather important for an analysis of fundamental problems of contemporary gravity.
In particular, our results show that the EEP indicates the equivalence of a physical nature of inertia and gravity rather that the equivalence of observable effects. 
APPENDIX: RELATION TO THE CANONICAL WEYL METRIC
Let us show how the disk solution (24) , (25) is related to the canonical Weyl metric for the axially symmetric field (14) .
First of all, we can expand Weyl's metric function e 2ψ from (14) in the weak-field approximation and can write in the leading order [57] :
In this form, some similarity to the weak-field metric in isotropic spatial coordinates should be noted. Indeed, we have σ −−→ ρ→0 0 according to the properties of the Weyl solution. Thus,
we get e 2σ = 1 on the axis and the metric (79) takes exactly isotropic form in quasicylindrical and r g is the gravitational radius (52) . For the point source, we have therefore the required diagonal form of the metric:
where the new and old coordinates are related via x ′ µ = x µ + ξ µ and ψ is the Newtonian potential of a point source which is equal to φ (i) in Eq. (23) .
Recall that the metric of the disk field in pure Cartesian coordinates (24) , (25) has been obtained by integrating the field (23) of the point source. In the same way, the disk field in isotropic Cartesian coordinates follows from the integration of the metric (86). We can see that h ′ 00 = h 00 and ψ = ψ(z) = φ(z) from Eq. (24) is the Newtonian potential on the axis of the disk. Introducing cylindrical coordinates {ρ, z, ϕ} instead of isotropic Cartesian ones, one gets to the canonical Weyl metric in the weak field defined by Eq. (80).
We can now write a full solution for the disk including the off-axis space. It is mentioned in Sec. III B that φ(z) from Eq. (24) is the on-axis limit of the full Newtonian potential ψ N of the disk in the whole space. If we take ψ(ρ, z) = ψ N , we can calculate second canonical Weyl function σ(ρ, z) using the field equations [see Eq. (16) 
where the path Γ covers the disk. Details of the integration can be found in Ref. [5] . The full disk potential ψ N is quite cumbersome (see, for instance, Ref. [65] ) and includes elliptic integrals. Therefore, it is better to solve Eq. (87) numerically. The figure 1 illustrates a radial behaviour of the Weyl potentials ψ, σ and the figure 2 shows the profiles along the disk axis (G = 1, c = 1).
FIG. 2.
The profile of the functions ψ(ρ 0 , z) and σ(ρ 0 , z) along the disk axis in the weak-field approximation. The disk radius is R = 1 and ρ 0 = 0.8.
In this way, we obtain the full Weyl solution for the disk in the canonical form (79) satisfying the vacuum field equations (15), (16) .
It is clear from the weak-field analysis that the full general relativistic solution ψ GR can be constructed from the Newtonian potential ψ N as the limit of the exponential expansion
This is exactly an infinite series of the uniform disk solution which has been mentioned in
